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Abstract

We study the gradient flow dynamics of diago-
nal linear networks for regression tasks under in-
finitesimal initialization. Extending Theorem 1
from Pesme & Flammarion (2023), we generalize
the analysis to both deep diagonal linear networks
and a broader class of two-layer diagonal linear
networks (as defined in Definition 4.1). Specifi-
cally, we demonstrate that the training trajectories
of these models can be equivalently characterized
by the proposed Algorithm 1. We further prove
that this algorithm converges to the solution of a
modified ¢; norm minimization problem. As a
result, we establish that the implicit bias of both
network architectures corresponds to a modified
£1 norm in the regime of infinitesimal initializa-
tion. Additionally, we provide insights into the un-
derlying mechanisms governing these dynamics
by identifying the Structural Invariant Manifold
(SIM) (Zhao et al., 2026) as the key geometric
structure that shapes the learning process.

1. Introduction

The remarkable success of deep learning relies on the
ability of overparameterized neural networks to general-
ize well to unseen data, even when they possess enough
capacity to memorize the training set with random la-
bels (Zhang et al., 2017). Classical learning theory, which
relies on uniform convergence and capacity measures like
VC-dimension (Vapnik & Chervonenkis, 2015; Mohri et al.,
2018), often fails to explain this phenomenon (Zhang et al.,
2017; Neyshabur et al., 2017). Consequently, attention has
shifted toward the concept of implicit bias (Neyshabur et al.,
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2017; Vardi, 2023), which posits that gradient-based opti-
mization methods favor solutions that generalize well.

The implicit bias in linear models is well-understood—
gradient descent converges to the minimum Euclidean norm
solution in regression (Gunasekar et al., 2018; Zhang et al.,
2017) and max-margin solution in classification (Soudry
et al., 2018). As for nonlinear model, diagonal linear net-
work, where each layer applies a diagonal linear transfor-
mation to the input, is a simple testbed for studying implicit
bias. In Woodworth et al. (2020), the authors showed that
for a two-layer diagonal linear network, the implicit bias of
gradient descent is the /1 norm under infinitesimal initializa-
tion, and to the Ly norm under large (infinite) initialization.
They further demonstrated that similar results hold for deep
diagonal linear networks under infinitesimal initialization
of a specific direction.

Beyond characterizing convergence points, there is grow-
ing interest in understanding the complete trajectory of the
dynamics. It is observed that under small initialization,
saddle-to-saddle dynamics is present in many models, such
as the diagonal linear network (Pesme & Flammarion, 2023;
Jacot et al., 2021; Berthier, 2023), matrix factorization (Li
etal., 2021; Bai et al., 2024), ReLLU network (Boursier et al.,
2022; Bantzis et al., 2025). The most relevant work is Pesme
& Flammarion (2023), which, building on the mirror flow
technique from Azulay et al. (2021), proves that under in-
finitesimal initialization, the gradient flow trajectory of a
two-layer diagonal linear network successively transitions
from one saddle point to another, ultimately converging
to the minimum /¢; -norm solution. These saddle-to-saddle
transitions are further characterized through a recursive al-
gorithm.

The analysis in Pesme & Flammarion (2023) relies on the
explicit form of mirror flow. In Li et al. (2022), the author
establishes the existence of mirror flow in a broader setting
known as commuting parametrization, which encompasses
diagonal linear networks as a special case. This suggests that
the results of Pesme & Flammarion (2023) could potentially
be extended to more general architectures, although such a
generalization remains an open question.

In this paper, we achieve this generalization via a novel
technique called the Structural Invariant Manifold (Zhao
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et al., 2026), which investigates data-independent properties
of parametric models. We extend the analysis of saddle-to-
saddle dynamics in Pesme & Flammarion (2023) to both
deep diagonal linear networks and general two-layer diago-
nal linear networks (defined in Definition 4.1). As a direct
corollary, we characterize the implicit bias of the two types
of diagonal linear network.

1.1. Contributions

Training Trajectory: Theorem 1 in Pesme & Flammarion
(2023) addresses the saddle-to-saddle dynamics of two-layer
diagonal linear networks and deep networks restricted to
specific initialization directions. We generalize this in The-
orem 4.5 by extending the analysis to general two-layer
networks (Definition 4.1) and establishing results for deep
networks under generic initialization directions.

Implicit bias: Gunasekar et al. (2017); Woodworth et al.
(2020) established that the implicit bias corresponds to ;-
norm minimization for standard two-layer diagonal linear
networks and deep diagonal linear networks under specific
initialization directions. We generalize these findings by
characterizing the implicit bias as a modified #;-norm mini-
mization for general two-layer diagonal linear networks and
deep diagonal linear networks under generic initialization
directions (Corollary 4.6).

Mechanism: We provide a theoretical analysis of the un-
derlying mechanism that leads to the equivalence between
the dynamics and the recursive algorithm, identifying the
Structural Invariant Manifold (Zhao et al., 2026) as the key
for this behavior (Section 6).

2. Related Works

Diagonal Linear Network: Early work on diagonal linear
networks focused on establishing the implicit bias of gradi-
ent flow (Gunasekar et al., 2017; Woodworth et al., 2020;
Azulay et al., 2021) and mirror flow (Labarriére et al., 2024;
Azulay et al., 2021). Subsequent research has elucidated the
geometric nature of these optimization paths, specifically
saddle-to-saddle dynamics (Pesme & Flammarion, 2023;
Berthier, 2023; Jacot et al., 2021; Berthier, 2025). More
recently, literature has addressed the algorithmic impact
of discrete hyperparameters, such as step size (Even et al.,
2023; Nacson et al., 2022), stochastic noise (Pesme et al.,
2021), and momentum (Papazov et al., 2024).

Matrix Factorization: Since diagonal linear networks can
be viewed as a special case of matrix factorization, related
literature is particularly relevant. Gunasekar et al. (2017)
prove that for commuting observations, gradient descent ex-
hibits an implicit bias toward low nuclear norm solutions. Li
et al. (2021) provide both theoretical and empirical evidence
that gradient flow with infinitesimally small initialization

behaves like a greedy low-rank algorithm. However, Pesme
& Flammarion (2023) demonstrate that this greedy low-rank
behavior does not extend to diagonal linear networks. Bai
et al. (2024) further identify the “connectivity” of observa-
tions as a key factor influencing the dynamics. Extending
the technique in this paper to the matrix factorization setting
is an interesting direction for future research.

3. Preliminary

Analytic Parametric Model and Its Training: In this
paper, we use F'(6)(x) to denote a parametric model. 8 €
RM is the parameter of the model, 2 € R¢ is the input of
the model. The output of the model is F'(8)(x) € R. If
F is real-analytic for (6,z) € RM x R9, we say F is an
analytic parametric model. To train the parametric model,
we collect data S = {(@;,y;)}_,. We define MSE loss
L(0) = X" (F(0)(x;) — y;)*. We consider its gradient

flow

de

Here, 6 is the initialization.

Diagonal Linear Network: An L-layer diagonal linear
model is F(0)(x) = > | a;1ai2- - a; Lx;, where © =
(.Tl, Ce ,In) € R", 0 = (0471, ;2. .., ail/)?:l € R™E.
The training data of diagonal linear model is denoted as
X, y, where X is an m X n matrix, y is an m X 1 vector.
Each row of X and y is a sample. The MSE loss is L(0) =
| X k(0)—y||3. Here, k(0) = (k;(0;))™, where k;(0;) =
aj1 X a0 X xa; . If L > 3, we callit the deep diagonal
linear network.

Notation: We use [n] to denote the set {1,...,n}. We use
bold letters to denote vectors, and non-bold letters to denote
scalars. For a vector v, we use v; denotes the i-th coordinate
of v. For a matrix X, we use X;; to denote the element in
the i-th row and j-th column, X; to denote the ¢-th row of
X, and X ; to denote the j-th column of X.

Infinitesimal initialization: Let 6y denote a fixed base
parameter vector. We set the initialization of the model
weights as: 8(0) = s8p where s > 0 is a scalar multiplier.
The “infinitesimal initialization” refers to the asymptotic
limit as s — 0.

£1 Implicit Bias: Two-layer diagonal linear model is known
to exhibit implicit regularization of /1 norm under infinitesi-
mal initialization (Gunasekar et al., 2017). Mathematically,
if we denote the solution of Equation (1) as ¢(6g, t), then
we have
f T 0(s60:1) =

where k* is a solution of the following ¢; minimization
problem:

min ||k s.t.

mnin Xk=uy. 2)
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4. Main Results

Definition 4.1 (General Two-Layer Diagonal Linear Net-
work). Consider the model defined by

F(0)(x) = ) ki(0:)as,
i=1

where 0; is a vector for each i € [n], 8 = (6,)"_, and
x = (x;)"_,. Define the vector k(0) = (k;(0;))"_,. Given
a data matrix X € R™*" and a target vector y € R™, we
define the loss function as

L(9) = [|Xk(8) — yll3.
The parameter 6 is optimized using gradient flow.

For each i € [n], we impose the following assumptions on
the function k;(6;):

* The function k;(0;) is real analytic, satisfies k;(0) = 0,
and has a unique critical point at 8; = 0.

e Let \; < Ay < ... < )y denote the eigenvalues of the
Hessian V2k;(0). We assume that

A1 <min{0, Ao}, Ag > max{0, \g—1}.

* The function k;(0;) is unbounded along each of its

limit trajectories’.

Summary of Main Results: Briefly speaking, in Corol-
lary 4.6, we prove the implicit bias of deep diagonal linear
network and general two-layer diagonal linear network (de-
fined in Definition 4.1) under infinitesimal initialization.
The implicit bias is a modified ¢; norm:

n

R(k) =) (tFkf +1t7k;).

i=1

The proof of Corollary 4.6 consists of two steps. In Theo-
rem 4.5, we prove that the dynamics of the two models is
equivalent to Algorithm 1. In Theorem 4.2, we prove that
Algorithm 1 will converge to the solution of

mkinR(k:) st. Xk=uy.

Then the implicit bias is a direct corollary.

4.1. The Algorithm

Theorem 4.2 (Convergence and Well-Posedness of Algo-
rithm 1). Assume the following conditions hold for Algo-
rithm 1:

'See Lemma A.2 and Definition A.3 for detailed explanations.
This assumption primarily fails if k;(0;) is globally bounded from
above (i.e., k;(0;) < M for all 8;) or below.

Algorithm 1 Algorithm(X, y, {t; }7 1, {t; }7)

Require: Data matrix X € R™*", y € Rm*1,
Require: Positive values {¢; }7_, and {t; }7_,.
1: Imitialization: p < 0, k(¥ < 0, s(9 + 0.
2: while Xk® +£ y do
3w XT(y— XE®)

40 L+ {ie{l,....n} kP >0}

50 L« {ie{l,...,n}| k" =0}

6: I« {ie{l,....n}| k" <0}

7: for i € I do

8: if u; > 0, then §; + (t:r — sfp))/uz
9: elseif u; < 0, then ¢; < (t; + sfp))/|uz\
10: else §; « +o©

11: end if

12: end for

13: J < argmin, ¢, d;

14- s(P+1)  gP) Sju

15:  Find k(t1) as the solution to:

min | Xk - g3

st. k; >0, Viel
ki <0, Viels

16: p+—p+1
17: end while
18: return k®)

e The linear system Xk = y admits at least one solu-
tion.

* At each iteration, the index j = argminey, J; is
uniquely defined.

* At each iteration p, if there exists an index i € [n] such
that: (i) kz(p) = 0, and (ii) sz(-p) = t;r or SEP) = —t;,
then u; is assumed to be nonzero.

Under these assumptions, Algorithm [ terminates in a fi-
nite number of iterations. Furthermore, the output k of
the algorithm is a solution to the following optimization
problem:

min Z (t:rkj + t;k:) subjectto Xk=1vy, (3)
i=1

where k;z+ and k; denote the positive and negative parts of
k;, respectively.

Proof. The proof is provided in Appendix A.1. O
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Remark 4.3. Algorithm 1 and Theorem 4.2 are straightfor-
ward generalizations of the corresponding result in Pesme
& Flammarion (2023), where the authors assume symmetric
growth times, i.e., t; =t = 1foralli € [n].

4.2. Dynamics of diagonal linear network

Assumption 4.4 (Assumptions and Notation for Theo-
rem 4.5). Shared Notation: We define the loss function
as

L(0) = | Xk(8) — ylI3.

Let 6(¢) evolve according to the gradient flow dynamics:

de

— =-VL(#), 6(0)=26
= VL), 60)=0,
and denote the solution by ¢ (8o, t).

We assume throughout that the conditions of Theorem 4.2
are satisfied. In particular, by Theorem 4.2, Algorithm 1,
when applied to input (X, y, {t; 17, {t; 17 ), termi-
nates after a finite number of iterations. Let {k(?) foins
denote the sequence of vectors generated at each iteration.

Assumptions and Notation for Deep Diagonal Linear
Network: Consider an L-layer diagonal linear network
with data matrix X € R™*" and target vector y € R™.
Assume L > 3. Fix the initialization direction

0" = (aj1,...,a; )i € RE™,
For each ¢ € [n], assume that the minimizer

argminge(r (0 1,)?

is unique. Without loss of generality, we assume that this
minimum is attained at k = L.

Define the following quantities:
e Fori € [n],j € [L — 1], define
uiy = (ai;)® = (aip)*

* For each i € [n], define the function

Fi(z) = / ’ 1 da.

« L—1 2 2
i ;21 2 + 1

¢ Define

th = Fi(+o0), t; = —F;(—00).

Assumptions and Notation for the General Two-Layer
Diagonal Linear Network: For each i € [n], let A and

A; denote the largest and smallest eigenvalues, respectively,
of the Hessian V2k;(0). Define

1 1
. )\;,

Fix an initialization direction 8* = (6;)_,. Assume that
for each i € [n], the vector 8 is not orthogonal to the
eigenvectors corresponding to A" and \;".

Theorem 4.5 (Dynamics of Deep Diagonal Linear Net-
works). Consider either a deep diagonal linear network
or a general two-layer diagonal linear network. Suppose
Assumption 4.4 holds, and let I'® denote the trajectory of
gradient flow initialized at s0*. Then the following state-
ments hold:

e Foreachp =0,1,...
T such that

, Pmax, there exists a point 0° €

lim k(0°) = k).

s—0

e The iterated limit

0’ = lim lim ¢(s0*t)

s—0t——+o0

exists, and satisfies

k(6') = kPmax),

Proof. The proof is provided in Appendix A.2. O

Corollary 4.6 (Implicit Bias of Diagonal Linear Networks).
Under Assumption 4.4, the implicit bias of a deep diago-
nal linear network or a general two-layer diagonal linear
network with infinitesimal initialization is given by

n

R(k) =Y (tFkf +t; k).

i=1

Proof. This is a direct corollary of Theorem 4.2 and Theo-
rem 4.5. O

Remark 4.7. We provide a detailed comparison of Theo-
rem 4.5 and Corollary 4.6 with the existing literature in
Section 1.1.

5. Intuition of the Dynamics

In this section, we use a three-layer diagonal linear network
as an illustrative example. The proof of Theorem 4.5 serves
as a rigorous formalization of the intuition developed in this
section.

Specifically, we analyze the gradient flow dynamics of the
model F(0)(x) = >, a;b;c;z; under a squared error
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loss L(8). For a single neuron (dropping the index ), the
dynamics for its parameters (a, b, ¢) are given by:
da s db - dc —ab
dt—cv, dt—ac v, dt_a v,
where v = > | Xy (yx — F(0)(X})) is a term related to
the correlation between the neuron’s feature and the predic-
tion error.

5.1. The Feature Selection Phase and Distance-Speed
Argument

In the early phase of training, with infinitesimally small
initial parameters 6(0), the model output F'(8)(x) is negli-
gible. Consequently, v(t) remains approximately constant,
v(t) ~vo =325y Xk

This constant, vy, can be interpreted as the speed of the
neuron’s evolution. By rescaling time as 7 = vyt, we can
isolate the geometry of the parameter trajectory:

da b db de b
— =} — = ac — = ao.
dr ’ dr ’ dr
These dynamics possess two conserved quantities:
@(7) = () = a*(0) — (0) = 4

b*(7) = (1) = b*(0) — ¢*(0) = 43
Without loss of generality, let us assume a(0)? > b(0)? >
c(0)? > 0 and a(0)b(0) > 0. Substituting the conserved
quantities into the dynamic for c yields:

de

ar \/CZ‘FH% 2+ p3.

Now, consider an initialization of scale s < 1: a(0) =
aps,b(0) = bgps,c(0) = cps. The conserved quantities
become p3 = (aZ—c2)s? := i2s*and p3 = (b3 —c3)s? =
fi3s?. By defining a scaled parameter &(7) = c(7)/s, its
dynamic is:
de a2 a2 o : =(0) —
o= s\/c +,u1\/c + f5, with &(0) = co.
A neuron becomes “significant” when its parameters grow
from O(s) to O(1). In the scaled frame, this corresponds to
¢ growing from ¢ to £0o. The time required for this growth
(the blow-up time) can be found by separating variables. For
instance, the time to grow to positive significance is:

/°° de
T
co S\ IEEF 2

_1/“’ dz
$Jey 2+ 322+ 3

This structure motivates the core intuition. We define the
distance a neuron must travel as the integral, which depends

only on the initial direction (ag, bg, co):

D+_/oo dx
co VT2 H B2+ 3

The time to grow to significance in the original time ¢ is
obtained by un-scaling 77:

+
o L pr )
lvol  |vols

Distance-Speed Argument: Equation (4) reveals that the
time for a neuron to become significant is proportional to
a “distance” D (determined by its initialization) and in-
versely proportional to its “speed” |vg| (determined by its
feature’s correlation with the target). The neurons with
shortest time will be O(1) first, and therefore it will be
chosen as the grown feature.

5.2. The Learning Phase and Sign-Locking of Features

Learning Phase: Once a feature, say k; = a;b;c;, has
grown to a significant magnitude at time ¢,,,;,,, the dynamics
of the system change. The approximation that the learned
vector k is near zero no longer holds. The system now enters
a “learning phase” where the gradient descent dynamics
actively adjust the significant features to minimize the loss
function L(8).

Mismatch of Time Scales of Two Phases: There exists
a mismatch in the time scales of the feature selection and
learning phases. Specifically, the feature selection phase
persists for a duration on the order of O (1), whereas the
duration of the learning phase is independent of s. Conse-
quently, when s is sufficiently small, the time spent in the
learning phase becomes negligible in comparison to that
of the feature selection phase. This implies that, during
training, no new features are developed away from zero.

Sign-Locking: The key insight is that once k;(¢) has be-
come significantly non-zero, its sign is effectively locked
for a very long time. Consider the case where k;(t) has
grown to be positive, meaning a;(t),b;(t), c;(t) are all
large. Since we have conserved quantities

B (r) — () = 12(0) — 3(0),

therefore, the parameter 0;(7) = (a;(7),b;(7),¢;(7)) is
restricted to a curve during training. As a consequence, for
k;(t) to flip its sign and become negative, a;(t), b;(t), c;(t)
would first have to decrease back to its initialization, which
is O(s) scale. So the time for k;(¢) to flip its sign and be-
come negative is of order (9(%) Since we assume s is a
sufficiently small number representing the scale of initial-
ization, this required time is enormous.
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This reveals a mismatch in time scales during the learning
dynamics. Consider the second learning phase. Let k; and
k; denote the feature chosen at the first and second feature
selection phase, respectively. We compare the following
two time scales:

* The time required for k; to flip its sign is of order %,
which diverges to infinity as s — 0.

* The time required for k; and k; to reach a minimum of
the loss function L(6) without changing their signs is
approximately independent of s, since both coordinates
have already moved away from zero.

Consequently, when s is sufficiently small, k; and k; reach
the minimum long before k; is able to flip its sign. This
results in a learning phase that can be effectively modeled
as a sign-constrained optimization problem. For instance,
if k; becomes positive during the first learning phase, then
the second learning phase can be described by the following
constrained optimization:

min | X jk; + X.ok —yl;  subjectto k; > 0.
nin

5.3. Comprehensive Dynamics

Inter-Phase Continuity of Feature Selection: Although
certain neurons are not selected during a given feature se-
lection phase, they still undergo non-trivial movement and
settle at specific positions within the interval (—t~,¢7), as
characterized by Equation (4). Given that the time scale of
the subsequent feature learning phase is negligible, it does
not significantly affect the final positions of these neurons.
As a result, in the next feature selection phase, each non-
activated neuron resumes its dynamics from the position
reached at the end of the previous selection phase.

Feature Selection Drives Subsequent Learning: The train-
ing process alternates between feature selection and feature
learning phases, each exerting influence on the other. Dur-
ing a feature selection phase, a new feature is typically acti-
vated. Consequently, the subsequent learning phase jointly
optimizes this newly selected feature along with those pre-
viously selected.

Learning Shapes Future Selection Dynamics: Conversely,
each learning phase modifies the correlation vector v =
X T(y — Xk®)), which governs the “speed” of neurons in
the ensuing feature selection phase. As a result, the selection
behavior in each feature selection phase is inherently influ-
enced by the convergence point of the preceding learning
phase.

Comprehensive Dynamics: The training process proceeds
iteratively through alternating phases. At each iteration p,
the following steps are performed:

1. Feature Selection Phase: A new neuron j, is se-
lected from the inactive set based on the minimal ac-
tivation time, computed as the ratio of “distance” to
“speed”. The distance corresponds to the remaining gap
inherited from the end of the previous selection phase,
while the speed is determined by the correlation vector
v=XT(y - Xk®),

2. Learning Phase: The current active set of neurons
A, ={j1,...,jp} jointly minimizes the loss function,
subject to individual sign constraints on their corre-
sponding coefficients.

3. Termination: The procedure repeats until conver-
gence, i.e., the gradient flow converges to its global
minimum.

This framework of sequential feature activation and joint
optimization defines the overall training trajectory and is
exactly Algorithm 1.

6. Mechanism Behind the Dynamics

In Section 5, we used a three-layer diagonal linear network
as an illustrative example to explain the validity of Theo-
rem 4.5. In this section, we aim to uncover a more general
underlying mechanism that helps us understand the dynam-
ics of diagonal linear networks.

6.1. Structural Invariant Manifold (SIM)

Definition 6.1 (Structural Invariant Manifold (SIM) (Zhao
et al., 2026)). Let F'(0)(x),0 € RM z € R? be an an-
alytic parametric model. For an immersed submanifold
M CRM we say M is a structural invariant manifold if
it is invariant under —V¢ L(8) in Equation (1) for any real
analytic loss function # : R x R — R and dataset S.

Definition 6.2 (orbit, page 33 of Jurdjevic (1997)). Let F
be a family of analytic vector fields on an analytic man-
ifold M. Let G = G(F) be the group (pseudogroup)
of diffeomorphisms (local diffeomorphisms) generated by
{e!X | t € R, X € F} under composition. For any 8 € M,
we define the orbit of F through 6 as {g(0) | g € G},
which we denote by Ox(8). 3

Theorem 6.3 (SIMs of F' are orbit unions of F (Zhao et al.,
2026)). Let F(0)(x),0 € RM™ x € R? be an analytic
parametric model. Let F = {VgF(-)(x) | © € R*}. Then

» Each SIM of F is union of orbits of F.

* Each orbit of F is an SIM.

2See Definition B.3 for the definition of invariant manifold.

3There is a detailed explanation of orbit and its properties in
chapter 2 of Jurdjevic (1997).
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Remark 6.4. Theorem 6.3 implies that orbit is the “smallest
unit” of SIM.

Theorem 6.5 (SIM of diagonal linear network). Consider
the model F(0)(x) = Y1 | ki(0;)x;,0 = (0,)!,,x =
(x;)_ . Assume that for all i € [n), the function k;(0;) is
real analytic, and has a unique critical point at 0. Define

« F={VoF()(x) | x € R%}
© Fi ={Vki(-)},i € [n].

Then for each 0 = (0;)_,, we have
07(0) = [[ Ox(6)).
i=1

Besides, for each i € [n), the following holds:

. If01 =0, then O;L(Gl) = {0}

* If0; = 0, then Ox,(0;) is a simple curve®.

Proof. By calculation, we have

So we have

Therefore, it holds that
n
0£(0) = [] 07.(05).
i=1

If 6; = 0, then sz(el) =0.So0 O]:i (01) = {0} If 0, 75 0,
by assumption, V;(6;) # 0. By Hermann—Nagano Theo-
rem (Theorem 6 in Section 2 of Jurdjevic (1997)), O£, (0;)
is a real analytic submanifold, and dim(Ox, (0;)) = 1.

It is readily to verify that, if 8; # 0, on O£, (8;), the value
of k;(-) is strictly increasing. So Ox,(6;) is non-self inter-
secting.

O

6.2. Implications of SIM in Dynamics

SIM Induces Two-Phase Dynamics: In Theorem 6.5, we
show that for each ¢ € [n], if the initial parameter satis-
fies 8; = 0, then O£, (0;) = {0}. This invariance implies
that parameters initialized exactly at zero remain stationary
under gradient flow indefinitely. In our setting, however,

“Here, a simple curve refers to an analytic curve that does not
intersect itself.

parameters are initialized infinitesimally close to zero rather
than exactly at zero. Then such parameters require an in-
finite amount of time to move significantly away from the
origin. Consequently, the learning dynamics exhibit a nat-
ural separation into two distinct phases: an initial feature
selection phase, during which parameters remain near zero
for an extended period, followed by a learning phase that
unfolds over a finite time scale.

SIM Induces Sign Constraint During the Learning
Phase: By Theorem 6.5, under gradient flow dynamics,
if the initialization 68* = (6})"_, satisfies 8] # 0, then
for each i € [n], the trajectory 0;(t) evolves along a
simple curve for all £ € R. Suppose, for contradiction,
that 0;(¢) undergoes a sign change during training; that is,
there exist times ¢; < to such that 0;(¢;) > § > 0 and
0;(t2) < ¢ < 0. Since 0;(t) evolves along a continuous
simple curve, the intermediate value theorem implies the
existence of some # € (t1,t2) such that 8;(f) = 6.

Now, if the initialization @ is chosen to be infinitesimally
small, then reaching this value along the trajectory requires
an infinite amount of time. However, the learning phase
proceeds over a finite time horizon. As a result, such a sign
change cannot occur within the learning phase. This implies
that, due to the structure imposed by SIM, the sign of each
0;(t) is effectively preserved throughout the learning phase.

6.3. Mechanism of Incremental Learning

In this context, incremental learning refers to the phe-
nomenon whereby only one neuron is selected during the
feature selection phase.

Consider model of the form F(0)(z) = Y1 | ki(0;)z;.
For each i € [n], the gradient flow dynamics of the parame-
ter 0; are given by:

de;
dt

= VEk;i(0;) u;(0), (5)

where ©(0) = XT(y — X k(0)). During the feature selec-
tion phase, the change in @ is small due to the scale of initial-
ization. Consequently, u;(@) remains approximately con-
stant and can be approximated by a fixed value w;. There-
fore, the dynamics simplify to:

de;
i Vk;i(0;)u; (6)

Under this approximation, u; can be interpreted as the effec-
tive “speed” at which 8; evolves along the curve O, (6;).

As established in Section 5.1 and Lemma A.9, for deep
diagonal linear networks and general two-layer diagonal
linear networks with an initialization scale s, there exists a
scaling function h(s) such that lims_,o h(s) = +oo. This
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function governs the temporal dynamics required for a neu-
ron to escape the initialization regime. Specifically, the time
required for a neuron to attain an O(1) magnitude in the
positive or negative direction is approximately tjh(s) and
t; h(s), respectively. For instance:

* h(s) = 1 for three-layer diagonal linear networks,

* h(s) = —log s for general diagonal linear networks.

Define the quantity

B et >0
* 9 i )

u

0; = ’

t. .
|ul7’f|’ lfu;k < 0.
i

d; represents the effective time required for neuron i to O(1),
taking into account both its growth direction and speed. The
neuron with the smallest §; will be the one that activates
first and is thus selected during the feature selection phase.
Under generic conditions on the data X and y, the minimum
of §; is attained uniquely, implying that only one neuron is
selected in this phase.

7. Experiments
We consider the model F(8)(z) = >} 1 ki(0;)x;, where

i=

/{31(91) = 2aibi + (Cll2 + b? + C?)Ci ,’i = 1, 2;

ki(0;) = a;tanh(a;) — (e¥ —1)2 i = 3, 4.
One can readily verify that this model satisfies Definition 4.1.
Ideally, to verify Theorem 4.5, we would require infinitesi-
mal initialization and gradient flow, which are impractical
to implement in experimental settings. As a practical alter-
native, we initialize the model with a sufficiently small scale

of 10759, and employ a relatively large learning rate of 0.1
to accelerate the training of gradient descent.

The data matrix and label vector are given by:
1 05 07 O 1
X = (0.5 1 01 0.7) YT <0) - O

As illustrated in Figure 1, the training dynamics demon-
strate transitions between successive saddle points. The
three dashed lines in the second panel indicate the values of
k;(-) following each learning phase. In Appendix C.1, we
compute the values of k() in Algorithm 1 for p = 1,2, 3,
and confirm that these computed values closely correspond
to those represented by the dashed lines in the figure.

8. Limitations and Discussion

8.1. Limitations

Infinitesimal Initialization: Our analysis is confined to
the regime of infinitesimal initialization. While this setting
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Figure 1. The model is trained via gradient descent. The initializa-
tion scale and learning rate are set to 1075° and 0.1, respectively.
We utilize the mpmath library to support high-precision computa-
tions. In the second figure, the boxes indicate the values of k; at
the positions of the vertical dashed lines.

facilitates theoretical tractability, it presents two notable
drawbacks: (i) Infinitesimal initialization is not practical
in real-world applications, where parameters are typically
initialized with finite variance; (ii) Prior works on implicit
bias, such as Woodworth et al. (2020), is able to characterize
the implicit bias under all initialization scales.

Gradient Flow Assumption: The theoretical analysis in
this paper is conducted under the assumption of continuous-
time gradient flow dynamics. However, in practice, opti-
mization is performed using discrete-time algorithms such
as gradient descent or adaptive methods like Adam. The
extent to which our results extend to these more realistic
optimization settings remains an open question.

8.2. Discussion

Technique: We highlight that the technique employed in
this work relies on the concept of the Structural Invariant
Manifold, which generally arises in nonlinear models such
as matrix sensing and neural networks (Zhao et al., 2026;
Simsek et al., 2021; Liu, 2024; Marcotte et al., 2023). The
potential outcomes of this study may be extendable to more
complex models such as matrix sensing. Investigating this
generalization is an interesting direction for future research.

Similarity and difference between ¢; and modified /;
minimization: Both the standard and modified ¢; norms
fundamentally promote sparsity. Their difference is that the
modified ¢; norm can alter the recovered support (i.e., which
specific features the model chooses to select). To illustrate
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this, consider the data matrix presented in Equation (7).

¢ Standard ¢; minimization yields the solution: k3 =
1.43, k4 = —0.20, with k; = ko = 0 (feature support:
{3,4h.

¢ Modified ¢; minimization (applying a 0.5 penalty
weight to |k1|) shifts the optimal solution to: k; =
1.0, k4 = —0.71, with ke = k3 = 0 (feature support:
{1,4)).

This demonstrates that though the solution remains sparse,
the actual features learned by the network may differ.

Gap between gradient flow (GF) and gradient descent
(GD): Whether the SIM remains exactly invariant under
GD or SGD depends on its geometric curvature:

» Affine (Flat) SIMs: If a SIM is an affine subspace, it
remains strictly invariant under GD/SGD. Because the
tangent space is globally constant, discrete steps do not
cause the trajectory to leave the manifold. For instance,
in a standard diagonal linear network parameterized
by k;(0;) = a;b;, the affine SIM defined by {(6;)_; |
a; = by = 0} is invariant under GD and SGD.

e Curved SIMs: If a SIM is curved, it generally loses
its exact invariance under GD/SGD. Taking a finite
discrete step along the tangent space of a curved mani-
fold naturally causes the parameter to diverge slightly
from the exact manifold. For example, the curved SIM
defined by {(0;)"; | a? — b3 = 1} is not exactly
invariant under GD.

This theoretical gap explains a specific phenomenon ob-
served in the training dynamics of Figure 1 (optimized via
GD, learning rate = 0.1). Between epochs 3000 and
4000, k; changes sign but fails to return to its exact ini-
tial scale (10~ '2°). This behavior is directly driven by the
loss of exact invariance on the curved SIM caused by the
discretization.

9. Conclusion

In this paper, we investigated the training dynamics of deep
diagonal linear networks and general two-layer diagonal
linear networks. We showed that their training dynamics
can be equivalently described by Algorithm 1. Furthermore,
we proved that Algorithm 1 converges to the solution of a
modified ¢; norm minimization problem. As a result, we es-
tablished that the implicit bias of both types of diagonal lin-
ear networks under infinitesimal initialization corresponds
to a modified ¢; norm.

In addition, we analyzed the underlying mechanisms driv-
ing these dynamics and identified the Structural Invariant

Manifold (SIM) as the key geometric structure governing
the learning process.
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A. Proof of Theorems
A.1. Proof of Theorem 4.2

We first prove a lemma.

Lemma A.1. Consider Algorithm 1 under assumptions of Theorem 4.2. Let J®) be the union of index set I U Is U {j} at
step p. Then {X. j};c jw is linearly independent for each p.

Proof. We prove by induction. For p = 0, J®») = {j}, where j = argmin,¢,,;0;. Then we have u; # 0. Since

uj = (XTy)j = <X:,j>y>,

we have X. ; # 0. Therefore the statement holds for p = 0. Assume the statement holds for some natural number p. We
want to prove it for p + 1.

Let j be the neuron chosen at step p. Let I'P) = {i € [n] | k% > 0}, I{”) = {i € [n] | kP = 0}, 1P = {i e [n] | k) <
0}. By the definition of Algorithm 1, k(P*1) is the solution of the optimization problem

min | Xk -yl st ki >0VieIP, k<oviell? ki =0vieIP\{j} )

Define It = {i € [n] | kKPTY > 0}, 1P = (i € 0] | KPTY =0}, I8PV = {i € [n] | KTV < 0}. Define
u=XT(y— XEkPtD),

) U I§P+1)

Since k®+1) solves optimization problem 8, therefore for each i € I fp + , we have u; = 0. Let j/ be the neuron

chosen at step p + 1.
If X. j is in linear span of {X;,i}iel(P+1)U1(p+1), then it is readily verifiable that u;» = 0. So d;; = 4o0. This contradicts
1 3
the fact that j’-th neuron is chosen at step p + 1. So X, j is not in linear span of {X:7i}iel<p+1)UI(p+1>.
1 3
: A o T : ; (p+1) (p+1) (p) , ;
By our assumption, {X:,j}jej(p) is linearly independent. Since we have I; Ul C JWP), {X;J}iE[(Hl)UI(Ml) 1S
p 1 3

linearly independent.

Since X ;s is not in the linear span of {X..} pHD (D) {X:A’j }j€J<p+1) is linearly independent. By mathematical
3

(o r(
i€ly
induction, the lemma is proved. O

In the following we prove Theorem 4.2.

Proof. Well-Posedness: At each step p, by assumption, the index j = arg min;cy, J; is uniquely defined. So j is well-posed.

LetJ =1 fp CF; §p ), By Lemma A.1, {X. ;},c is linearly independent. Recall that E(P) is the solution of

min [ Xk-yl} st k>0vie 1P k<oviell?, k=0,Yie P\ {j}. ©9)

Then k" is the solution of

min X ks —yl3 st ki >0,Vie I gk <o0,vie I, (10)
J

Since {X. ;};c is linearly independent, optimization problem (10) is strictly convex. So the solution of (10) is unique.
Therefore, the solution of (9) is unique. So E®tD is well defined.

Terminates in finite iterations:

Note that the error €®) = || Xk®) — y||3 strictly decreases over p. Besides, there only exists finite possible ¢ of the
minimization problem

min | Xk —yl||3, st k;>0,i€Ii;k; <0,i€ 3k =00\

11



Gradient Flow Dynamics and Implicit Bias of Diagonal Linear Networks under Infinitesimal Initialization

for different I, I3, I, j. So ¢P) must reach its minimum after finite iterations. Since X k = y has solution, so ”) reach 0
after finite iterations.

Convergence to Optimization Problem (11): Consider the optimization probelm

minz (tHkf +t;k;) subjectto Xk =uy. (11)

i=1
For k = (ki,...,k,) € R™, define d(k) = (0;(k;))—,, where

t, ifk; >0
al(kl) =4 —t., ifk; <0

7

[—t7, tf], ifk; =0

By calculation, the KKT condition of (11) is

0cd(k)+ XA, Xk=y.

Since the optimization problem described in Equation (11) is convex, and it has only equal constraint, then the solution of
KKT condition is equivalent to solution of original problem.

For each p, let k(®) and s() be the value of k and s at step p. Let k* be the output of the algorithm. We now verify that k*
satisfies the KKT condition.

From the algorithm, one sees that for each p, we have the following:

o If s = ¢, then k) > 0.
e If s = —¢7 then kP < 0.

« 1t s € (—t7, ), then kP = 0.

17

So 5(P) € 9(k()). Besides, by the update of s(P), one sees that s(?) € Img(XT). So there exists A(?) € R™ such that
s = XT7(-AP), S0
s 4 XTAP =9, s ¢ 3(]6(17)).

So the condition
0cOk)+XTA

holds in each step. Moreover, we have X k* = y. So k* satisfies the KKT condition. So k* is a solution of (11). O]

A.2. Proof of Theorem 4.5

Lemma A.2 (Li et al. (2021)). Assume g(0) : RM — R is real analytic, and g(0) = 0,Vg(0) = 0. Let H = V?g(0).
Assume H has a unique largest eigenvalue A1 > 0 with corresponding eigenvectors v1. Denote the solution of

o

& = V9(0),0(0) = 0,

as ¢(0o,t). Then for 6, € R? such that (01,v1) > 0, the limit h(61,t) := lim, o ¢(s01,t + )\% log 1) exists, and

h(01,t) # 0. Moreover, the trajectory I'(01) := {h(01,t) | t € R} is independent of 01 as long as (61,v1) > 0. Besides,
the same statements also hold for (01, v1) < 0.

Proof. The lemma is proved in Li et al. (2021) in their Theorem 5.3. O

12
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Definition A.3 (limit trajectory). In general two-layer diagonal linear network, we apply Lemma A.2 by setting g(0) =
ki(0;). We use I'; T, I/~ to denote the I'(v;) and I'(—v; ) in Lemma A2, respectively. One can also consider the limit
trajectory of
do
dt
when we assume H has a unique smallest eigenvalue Ay < 0 and corresponding eigenvector v,. We use I'; A I'"to
denote the I'(vy) and I'(—wvs). The four trajectories, I *, I~ T'; ', T'; ~ are called limit trajectories of neuron 3.

—Vki(6;),0(0) = 6,

Example of limit trajectory: Consider k;(0) = a®> — 02,0 = (a,b) € R% Then I' T = {(a,b) | a > 0,b = 0},
I~ ={(a,b) | a < 0,b =0}, T;" = {(a,b) | a = 0,b > 0}, ;" = {(a,b) | @ = 0,b < 0}. In this case
of k;(8) = a® — b2, the limit trajectory can also be derived from the conserved quantity a(t)b(t) = a(0)b(0). Under
infinitesimal initialization, we have a(t)b(t) = 0. This results in the four limit trajectories.

Lemma A.4 (convergence to limit trajectory under infinitesimal initialization). Consider the general two-layer diagonal
linear network in Definition 4.1. For each i € [n], let H; = V?k;(0;). Let A\, v] be the largest eigenvalue and

1) K3
corresponding eigenvector. Let \; ,v; be the smallest eigenvalue and corresponding eigenvector. Fix @ = (0;)7_,. Assume
that (0;,v) # 0,(0;,v;

() K3
7

Y # 0. Let I'® be the trajectory of gradient flow under initialization s0. If there exists | € [n],

w#0,0%= (0", €I such that lim,_,o k;(0;) = 1, then 6] converges to a point in [sisn(u) sign((0:,v7 5 )).

Proof. For simplicity, we assume u > 0, (8;,v;") > 0. The proofs of other cases are similar. Under this assumption,

[sign(n) sign((0; 27#"0))) _ I'++. By calculation, the gradient flow of general two-layer diagonal linear network is

de;
dt
Here, u(0%) is a scalar. Let ¢(6’,t) be the solution of

de
5 = Vhi(6,).000) =" (12

= Vkl(ef) -u(as), 0?(0) = 801.

Let 6° = (67)7_, € I'°, and assume k;(6;) = 6. Then 6] is on the trajectory of Equation (12). Define 65, =
o(s0y, )\% log1). Since 6; is on the trajectory of Equation (12), there exists ¢(s) such that 6; = ¢(6%;,t(s)). By

Lemma A.2, the limit 0, := lim,_,q 6;; exists, and 8,¢f # 0.

By assumption of general diagonal linear network, on I't+, the value of k;(-) is unbounded. It is readily verifiable
that on T, ;(-) is positive and strictly increasing. Moreover, we have p > 0. Therefore, there exists 8 € '
such that k;(0;) = p. Since 8 € T, there exists T € R such that 87 = ¢(0er, T). Since O = lim,_, 05,
we have lim,_.q gb(Gfef, T) = 0; . Therefore, for any € > 0, there exists 6 > 0 such that for all 0 < s < §, we have
lo(02¢,T) — O07|l2 < €, and |k;(¢(05,T)) — ki(0;)| < €. Denote h® := ¢(05,,T). Since we have lim,_,o k1 (6}) =

k1(0)) = p, we may assume that |k;(67) — 11| < e. Then we have
ki(07) = ki(h?)| < [Ri(67) — pl + [Fu(R®) — ] < 2e.

Since
07 = ¢(67er: 1(s)),
we have
0; = ¢(h° t(s) —T).

By calculation,

dki(4(6res 1))

. = [ Vh(h)[ > 0.

t=T
Since [|h® — 6} ||2 < €, then we may assume

dkl(¢(efef’t)) 1 *\ |12
el > V(673

for t near T'.

13
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Since
|k (0°) — ki (h®)] < 2,
the following holds:
4e
t(s) = T| < v
IVE(67)13

when e is sufficiently small. Therefore
07 = ¢(h*,T),t(s) = T) = $(6] + O(e), O(e)).

Therefore we have
167 — 6/[l2 = O(e).

So lim,_,9 8] = 6*. The lemma is proved.

O

Lemma A.S (convergence guaranty if initialized at the limit trajectory). Consider the general two-layer diagonal linear
network in Definition 4.1 with data matrix X € R™*" and y € R™. For eachi € [n], let TS, T/~ T, T~ be the
limit trajectories defined in Definition A.3. Let 0* = (0)!_, be the initialization. Consider the gradient flow of general
two-layer diagonal linear network:

% — —VL(6),0(0) = 0", (13)
where L(0) = | Xk(0) — y||3. Let s = (s1,...,5,) be a signed vector, i.e. s; € {+,—} foralli € [n]. We define
I =TT ulf, and T; = T; T UT; ~. Assume that for each i € [n], we have 07 € T'%i. Assume that X has
full column rank. Denote the solution of Equation (13) by 0(t). Then k(0(t)) converges to the solution of the following
optimization problem:

[min | Xk -yl st ki >0ifs;i=+, k <0ifs;=—. (14)

Proof. Define I = {i € [n] | s; = +}, and J = [n] \ I. Without loss of generality, we assume 87 € T'** forall i € I,
and 7 € I'"* forall i € J. By Theorem 6.5, 6;(t) € I'"* forall i € I, and 0,(t) € I~ forall j € J. It is readily
verifiable that on '}, the value of k; is positive. On I'; T, the value of k; is negative. So k;(8;(t)) > 0,Vi € I,t € R, and
ki (0;(t)) <0,¥j € J,teR.

By assumption, X has full column rank. Therefore, for any § > 0, the set {k € R" | | Xk — yl||2 < d} is bounded.
Let 6(t) be the solution of Equation (13). Since the loss of gradient flow is decreasing, we have || X k(0(t)) — y|2 <
| Xk(0(0)) — y||2. So k(6(t)) is bounded. So k;(8;(t)) is bounded for each i € [n]. It is readily verifiable that on T},
k; is positive and monotonically increasing. Besides, by assumption, on Fj*, k;(-) is unbounded. For all ¢ € I, we have
0,(t) € T . Therefore, since k;(0;(t)) is bounded, 6, (t) is also bounded. Similarly, one may prove that for j € .J, 6;(t)
is bounded. So 6(t) is bounded.

By assumption, for each ¢ € [n], k;(8;) is a real analytic function. So L(8) is a real analytic function. By standard
Lojasiewicz’s inequality (Lojasiewicz, 1965) argument, 6(t) converges to a critical point of L(0). Let 8’ = (6})""_; be the
critical point that 6(t) converges to. Since ' = lim;, 1 6(t), we have k;(0;(t)) > 0,Vi € I, and k;(0’(t)) < 0,Vj € J.

Define u(0) = X7(y — Xk(0)),andu = XT(y — Xk(0’)). Since 0’ is a critical point of L(8), so we have VL(08") = 0.
This is equivalent to
VkZ(H’)ul =0,Vi € [n]

Since for each ¢ € [n], VE;(-) has unique critical point at 0, so VL(0’) = 0 is equivalent to
0 =0oru; =0,Vi € [n].

Let K = {i € [n] | 0 = 0}. Forany i € TUK, itis readily to verify that u; < 0. Otherwise assume u; > 0. By calculation,

0, follows the dynamics of
de;

dt
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So we have
dk;(6;)
dt

Therefore, for sufficiently large ¢, the value of k;(6;) increases monotonically. This contradicts the fact that k;(80;(¢)) > 0
and k;(0;(t)) = 0. Sou; < Oforalli € I UK. Similarly, we have u; > 0 for all i € J U K. Together with the condition
that @' = 0 or u; = 0, Vi € [n], it is readily verifiable that k(6’) satisfies the KKT conditions of optimization problem (14).
Moreover, since optimization problem (14) is convex and satisfies Slater’s condition, k(") is its solution. O

= | VEi(6:)]5 - ui().

Lemma A.6. Lety € R™. Let U be a subspace of R™. Let x* be the solution of the optimization problem:
: 2
min [l — 3.

Fix L > 0. Then for any € > 0, there exists 6 > 0, such that if x € U satisfies ||x — y'|2 < Lé + ||z* — y||2 and
ly' —yll2 <0, then ||l — z*||2 < e

Proof. Letd = ||z* — yl|2. If d = 0, the statement is trivial. So we assume d > 0. As x* is the orthogonal projection of y
onto U, the vector * — y is orthogonal to the subspace U. Since  — x* € U, it follows that (x — x*, z* — y) = 0.

By the Pythagorean theorem:
lz —yl3 = ll(z —a*) + (" — y)l3 = [lx — 3 + =" - yl}3.
Rearranging this identity, we get an expression for the term we wish to bound:
lz — 25 = = —yl5 — ll=* — yll5 = = — yl5 - d*.
We introduce y’ by writing € — y = (x — y’) 4+ (y’ — y). Substituting this gives:

le—z* 3=z —y)+ @ —y)3—d°
=lz-y3+2=—v. ¥ -y + |y -yl -

Using the given conditions || — y’||2 < d and ||y’ — y||2 < §:
|z — 2|5 < (LS +d)?* +2(x -y, ¢y —y)+6* —d* =2(x — v,y —y) + (L* +1)§* + 2dLs.
By the Cauchy-Schwarz inequality and the given conditions again:
|z —x*||2 < 2|l — ¥'[l2ly — yll2 + (L* +1)8* + 2d L5 < 2d(L + 1)5 + (L + 1)%6?
For a given ¢ > 0, we could pick § > 0 sufficiently small such that d(L + 1)§ + (L + 1)?62 < €. For this choice of ¢:
e — 23 < €.
Taking the square root yields ||z — x*||2 < e. O
Lemma A.7. Let k(6) = (k;(6;))1~, € R", where 8 = (0,)}'_,. Assume that for each i € [n], k; is a real analytic

activation, and k;(0) = Vk;(0) = 0. Let X € R™*" y € R™. Define L(0) = | Xk(0) — y||3. Fix 6%, and define
k* = k(6*). Assume that k* solves the following optimization problem for some I1, I, Is,{j} C [n],:

min | Xk —y||3, st. k;>0,ic Ik <0,i¢ I3k =0,i€l\{j}
Define I = {i € [n] | k} = 0}. Then for any € > 0, there exists § > 0 such that the following holds: “For all initialization
6’ such that |k(6') — k*||5 < 6, let O(t) be the solution of 9 = —VL(8),0(0) = 0'. Then | Xk(0(t)) — X k(6")|| < €
forall0 <t < T, where T = inf;>o{t | ||kr(0(t))||cc > 6}.
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Proof. Define J = I. Define U = span({X.; | © € J}). Since k* solves the optimization problem
f. p p P
min | Xk —y||2, st k;>0,icli;k; <0,i€ 3k =0,5€l)\ 7,

So k% must solve the following problem:
min || X sk — ylf3-

Let z* = X. jky € U. Then z is the solution of the optimization problem

: _ 2
min [z — yll2.

Since the loss of gradient flow is decreasing, so
I XE@O()) = yll2 < [ XK(0) - yll2 < [ XK(0") — XK(0")2 + | XE(67) — yll2 < LI[k(0") — k"[l2 + 12" — y]2.

Here, L is || X ||2. By Lemma A.6, for any € > 0, there exists > 0 such that if z € U satisfies ||z —y||2 < Ld+ || z* —y||2
and (0") — k*|| < ¢’ for some ¢’ > 0 to be determined. Then we have

I XEO() —ylla < L'+ [[2" = ylla-

We may pick §’ < 4, so that
10(6(1) = yll2 < L6 +[[2" = yl|2-

= ki(0:(t) X5+ > kil

el i€

Besides, we have

We may pick ¢’ sufficiently small such that
lkr(@)l2 < 6" = 11> ki(0i(t) X.illz < 6.
icl
So as long as ||k (0(¢))||2 < ¢, we have
1> ki(6; y— > ki6; llz <L+ (127 = ylla-
icJ i€l
Besides, we have || D, ki(0;(t)) X.;)|l2 < d,and >, ; ki (0;(t)) X.; € U. By Lemma A.6, we have
H Z k:,(@z(t))X,l - Z*Hg < €.
icJ

So we have

[ XK(O(t) — XK [l < | > ki(0i(t) X.i — 2"[la + | D Ki(0:(£)) X.illa < e+ 6.
ieJ iel
We may pick ¢’ < ¢, then we have
| XEkO(t) — XKk |2 < 2e.
Since in Ly norm is equivalent to L., norm, the lemma holds.

O

Definition A.8 (time mapping). Consider the general two-layer diagonal linear network, and let Assumption 4.4 holds. For
each i € [n], let 63 (t) be the solution of
de;
dt
Define I'f = {63 (t) | t e R}. Itis readily verifiable that for any 0; € T';(07), there exists unique ¢ € R such that 6, = 03 (t).
The map from 6; to —— is denoted by — l(t)gs = 7£(0;). We call 77(0;) as the time mapping of neuron 7. The time
mapping 77 (6;) makes sense only if §; € I's. Besides, we define 7°(0) = (77(6;))_,. We call 7 as the time mapping.

3

= Vki(6;),0:(0) = s6;.
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Lemma A.9. Consider the notation and assumptions in Definition A.8. Fix i € [n]. Let H = V?k;(0). Assume H has a
unique largest eigenvalue \1 > 0 with corresponding eigenvectors vi. Assume H has a unique smallest eigenvalue Ay < 0
with the corresponding eigenvectors va. Assume (0F,v1), (0F,v3) # 0. Then the following holds:

* Fix0 < 6 < 1. Pick 0] € I';(0) for each 0 < s < 0. Assume there exists € > 0 such that )\% +e<1(07) < %1 —€
forall0 < s < 6. Then lim,_, 6 = 0.

e Fix0 < § < 1. Pick 8] € T'$(0;) for each 0 < s < §. Assume there exists € > 0 such that 77 (607) > )\% + e forall
0 < s < 0. Then limg_,q k;(05) = +o0.

* Fix0 < 6 < 1. Pick 0] € T'3(07) for each 0 < s < §. Assume there exists ¢ > 0 such that 77(07) < /\% — € for all
0 < s < 0. Then limg_,q k;(0F) = —o0.

Proof. This lemma is a direct corollary of Lemma A.2. We leave out the proof. O

Theorem A.10 (Dynamics of General Two-layer Diagonal Linear Network). Consider the general two-layer diagonal linear
network, and let Assumption 4.4 holds. Let I'® to be the trajectory of GF initialized at s0*. Let T° be the time mapping
defined in Definition A.8. Then the following holds:

e Foreachp =0,1,..., pmax, there exists 8° € T'° such that lims_,o k(6°) = k® and limg_,o 75 (0°%) = s(P),

o The limit 0" = limg_, 1 oo limy_, 4 oo P(s0*, 1) exists, and k(0') = o (Pmax)

Proof. For p = 0, the statements obviously hold. Assume the statements hold for some natural number p. We want to prove
that the statements hold for p + 1.

Define I = {i € [n] | k" =0}, Jy = {i € [n] | kP > 0}, Jy = {i € [n] | k") < 0}. Define u(6) = X7 (y — Xk(0)).
Let 6°(t) be the solution of

de
— = -VL(0),0(0) =6°.
= (0),0(0)
By calculation, we have
de; (1) s s
S = V(07 (1) us(6° (1),
For each i € [n], let T (t) to be the solution of
d7T?(t
0 60, 12 (0) = 0.
de
Then we have 463 (T7)
L = VEi(0;(T7)), 65(0) = 65
dj’vis v ( ’L( ’L))? ’L(O) K3

Let 7° be the time mapping defined in Definition A.8. By Theorem 6.5, 77 (67 (t)) is well defined for each ¢ € [n]. By
definition of time mapping, for all ¢ € [n] and s > 0, we have
T (t)
$(95(t)) = i
HO:0) = =1

+7;(67). 15)

Let u* := XT(y — Xk(®)). By Lemma A.7, for any ¢ > 0, there exists & > 0 such that for sufficiently large s, we have
[w(0°(t)) — u*||oc <€ where T* = inf>o{t | |k1(6(t))[lc > 0}

For 0 <t < T%, we have

dr?
u; —e< —* ®)
dt

<ui +e

So for 0 < ¢ < T, it holds that
(uf —e)t <T7(t) < (uj +e)t.
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By Equation (15) and the assumption that lim,_,o 7°(0°) = s, for sufficiently small s, we have

+ (P — ) < 7 (0:(1) < (ul +¢) + (P e, VO<t<T®

(uj =€) i

—log s —logs

For simplicity of notation, we assume u; > 0 for each ¢ € I. The case of u; < 0 for some ¢ is similar. For each i € I,
tF—(sP4e) t7—(sP—e)

> 5 3
u; “+e€ uy

define p;(€) to be the interval | ]. We use 117 (€) and p; (€) to denote the left endpoint and right

—€

endpoint of x(€), respectively.

Fixi € I,0 < a < p; (€). By Lemma A.9, if 0 < ¢* < min{alog 1, T} for each s > 0, then lim,_, 6} (t) = 0. Besides,
if a > pif (¢) and 0 < ¢* < min{alog %, T} for each s > 0, then lim,_,¢ k; (6 (t)) = +oo.

Since T® = infy>{t | ||k1(0(t))|lcc > 0}, we have ||k;(0(T*))||co = d. Therefore, there exists [ € I, such that
ki (6,(T°)) = %o.
Since u; > 0 for each ¢, it holds that

ki (8,(T*)) = .

For each i € I, we define 11;(0) = (¢ — sl(-p))/u;k. Let j € argmin,c;, 41;(0). By assumption, j is unique. Therefore, for
sufficiently small ¢, the intervals u;(€), 4 € [n] has no intersection.

It is readily verifiable that for sufficiently small €, we have [ = j. Otherwise let [ # j. By Lemma A.9, for any € > 0, if
T%/log 2 < p; (e) — € holds for sequence s, — 0, then k;(6,(T°*)) — 0, which contradicts k;(6;(T*)) = ¢ > 0. So for
sufficiently small s, we have

1
Ts/logg >y (€) — €.
We may pick € sufficiently small such that
ui () — &> (o).

Therefore, we have

1

Ts/logg >y (6) —€> uj(e).
By Lemma A.9, we have k;(65 (7)) — +oo, which contradicts that |k;(85(7*))| < 6.
Moreover, we have T/ log % € 115 (€). Therefore, for all i € I, it holds that
72(0:(T%) = u; p1;(0) + 51 + O(e).

As a consequence, for sufficiently small ¢, for each ¢ € T\ {j}, we have

igl}) 0;(T°)=0.

By Lemma A.4, 0%(T*) converges to one point in T+ or 't . Define J = J; U Jo. Fori € .J, we already have the control
| X. sk s (05(T%)) — X:Jk‘(]p)Hoo < €. By Lemma A.1, X. ; has full column rank. So we have

ks (65(T%)) — || < Ce,

where C depends only on X ;. By Lemma A.4, for each i € J, the limit lim,_,o 07 (1) exists, and lim,_,o 87 (1) is on
the limit trajectories in Definition A.3.

Therefore, for all ¢ € [n], the limit 67 (7T'%) exists. So
0, = ;1_% 0°(T?)
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exists. Let @(t) = ¢(0y, ). By Theorem 6.5, for each i € I\ {;j}, forall ¢ > 0, we have 6;(t) = 0. Then apply Lemma A.5,

the limit k* = lim,_, . k(6(t)) exists, and solves the optimization problem:

min [| Xk — yll3 st ki >0ifs; =+, k <0ifs;=—. (16)
e n

By definition, k* = k@D So for any € > 0, there exists 7' > 0 such that

k™ = K(O(T))2 < €.

Since 6, := lim,_, 6°(1%), for sufficiently small s, we have
1¢(6°(T*),T) — 6(T)|> < €,

and .
[k(¢(0°(T°),T)) — k(8(T))]l2 < €.
Let 65 := ¢(0°(T*),T). Then we have
k(65) — BV, < 2¢'.

Therefore, we have
lim k(0,) = kP+1),

s—0

By definition,
T

—logs’

7(0.) = 7(0°(1%) +

Let s — 0, one gets
lim 7%(0,) = lim 7°(0°(T*)) = u*1;(0) + sP).

s—0 s—0

By definition, u*11;(0) 4+ s = sV So

lim 7°(8,) = sP+1).
5—0

So the statements of induction hold for p 4+ 1. By mathematical induction, the statements hold for any natural number p.

In the following we prove that the limit 6" = lim,_, o lim;—, 1o ¢(s6*, t) exists, and k(0') = kP==x). We have already
proved that there exists 6 such that k(6s) — kP==x, By Lemma A.4, the limit 0 := lim,_,q 65 also exists.

By definition of kP=e<, L(@) = 0. So 6 is a global minimizer of L(8). Since L(8) is real analytic, Lojasiewicz
inequality Lojasiewicz (1965) holds for L(8).

By standard Lojasiewicz inequality argument (for example, see Lemma G.1 in Li et al. (2021)) , there exists C, a,§ > 0,

such that for any 6 in Bs(0), the limit lim;_, o, ¢(0y, t) exists, and

| Jim 6(60,1) — 6]l> < Cl6g — O]

Since limg 4o, 05 = 0, for sufficiently small s, we have
| lim ¢(6,,1) — 6]l2 < C[6, — O]l5.
Let s — 0, we get

lim lim ¢(s0*,t) = 6.

s—0t——+o0

O

Theorem A.11. Consider the deep diagonal linear network, and let Assumption 4.4 holds. Let I to be the trajectory of GF
initialized at s0*. We use a; ;(0) to denote the value of a; ; at 0. Then the following holds:

e Foreachp =0,1,..., Pmax, there exists 0° € I'® such that
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- lim,_,o k(6°) = k®), and
P} ) = Fk_l(sggp))

1R
«

- hms—H—oo

o The limit @' = lim,_, | oo limy_, 4 oo 4(50%, 1) exists, and k(0') = kPmax),

Proof. The main idea of proof is the same with Theorem A.10. By calculation, we have

dz;@ — (gai’T) Ui(a), u(@) = XT(y _ Xk(@))

Forany:=1,...,n,5 =1,...,L — 1, we have the preserved quantity

ai ;(t) = af (1) = a} ;(0) — aF 1 (0).

By assumption, a3 ;(0) — a? ;(0) = s*u7 ;. So we have

az ;(t) —af L (t) = s*ud; > 0.
Therefore, for any ¢ > 0, the value of a?’j(t) can not be zero. Sofori =1,...,n,j=1,...,L —1, the sign of a, ;(t) does
not change during training. As a consequence, we have

daLL 9 9
Tl :i:( I;IL \aip+ sz,u“) u;(0),

The sign of the + is same with the sign of [], . a;,-(0). Without loss of generality we assume that [, a7, > 0 for all 4.
Otherwise one can replace a; 1.(t) with —a; 1, (). Under the assumption, we have

s (I] i = 2) l0)

r#L

For p = 0, it is readily verifiable that the statements of the theorem hold. Now assume the statements of the theorem hold
for natural number p. We want to prove the statements for p + 1.

Define I, = {i € [n] | k" > 0}, I = {i € [n] | k") = 0}, Is = {i € [n] | & < 0}. Denote 6°(t) = ¢(6°,¢), and
denote a;;(t) to be the value of a;; of 6°(t).

Define u(0) = XT(y — Xk(0)), and define u* = XT(y — Xk®)). By Lemma A.7, for any ¢ > 0, there exists § > 0
such that for sufficiently small s, we have
[u(@°(t)) —u'lloc <€

forall 0 < ¢ < T, where T° = infyso{t | [z, (0°(t))||los > 6}
By Equation (17), we have

Hr;ﬁL (af,L)Q + SQNZZ,T

Take the integration, and we get

ai () d t
/ * = u; (0°(r))dr.
ava(O) Hr;ﬁL x2 =+ szu?,r 0

Change variables by defining x = sz’. Then
dz’

ai (t) d ai r(t)/s
e Sy
ai,(0) Hr;ﬁL .’L’2 + 82/1‘%,7’ a;,(0)/s Hr;éL (x/)2 + Mzz,r
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Therefore, we have

ai L (t)/s d t
/ s2-L ’ :/ u; (0°(r))dr.
ai,(0)/s HT#L \/ xZ + /-Lzz,r 0

By the definition of F;(z), we have

af,L(t) af,L(O)

¢
Fi(—=) - Fi(——) = / u; (0°(r))dr.
S S 0
Since ||[u(6°(t)) — u*||cc < eforall 0 <t < T%, so we have

a; 1 (t) a; 1(0)
s

(u] —e)t < Fy( ) — Fy( ) < (uj +e)t,Vt € [0,T°]. (18)
Since ||k, (0°(T%))|lcc = 0, then there exists j € I such that

k;(0°(T?)) = £4.
Without loss of generality, let us assume that u; > 0. Then k;(6°(7°)) > 0. So we have

k;(0°(T*)) =é.

Since we have the conserved quantities

(a5.)°(t) = (a5,.)°(t) = s°p3, , VIEL]

So we have
lim a? | = SYE,
s—0 ’

Apply Equation (18) to neuron j and ¢t = 7%, we get

1 s(p)
T8 = 2 ]*( L~ 4 h(e,s)
U

Here, h(e, s) — 0 as (¢, s) — 0. For each i € I, define

tj—_Fi_l(SEp))

Tl R ifu; >0
— 1P
400, ifu; =0

Let [ € argming;, Tk. By assumption, [ is unique. Therefore 7; is strictly smaller than T}, if k # [.
It is readily verifiable that j = [ for sufficiently small € and s, otherwise a; 1, (¢) will first reach 4.

Fori € I\ j, by Equation (18), we have

ai (T a; (0
(u; — €)T* < Fi(i“Ls( )) — Fi( A )) < (ui + )T
So we have (T
aZ s
Fi(==2) = Fi(s)”) + T + o(1).
Here, o(1) — O as €, s — 0. Since Fi(sl(-p)) + Ty € (—t;,t) foralli € Iy \ {j}, then a  (T*) = O(s). So we have

lim a (T7) = 0,¥i € I>\ {j}-

Similar to the proof of Theorem A.10, the limit 8’ = lim,_,o 0°(T"®) exists. Besides, a; ;(0°) = 0,Vi € I\ {j},! € [L].
The following part of proof is the same with Theorem A.10, we leave out the details. O
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B. Concepts in Differential Geometry

In the appendix, we present several definitions and concepts in differential geometry that are pertinent to the content of this
paper.

Definition B.1 (analytic manifold, page 3 and 4 of Jurdjevic (1997))). M is called an n dimensional analytic manifold if
M is a topology space such that at each point p € M there exists a neighbourhood U of p and a homeomorphism ¢ from U
onto an open subset of R™. It is assumed that n does not vary with the choice of a point p on M. The pair (¢, U) is called a
chart at p. Moreover:

1. There exists a countable collection of charts {(¢;, U;)}2; such that M = [ J;2, U;.

2. For each pair of points p; and pa, there exist charts (¢1, Uy ) and (¢2, Uz) such that p; € Uy, pa € Us, and Uy NU, = 0.
That is, points of M are separated by coordinate neighborhoods (i.e., M is Hausdorff).

3. For any charts (¢, U;) and (¢, Us) such that U; N Us # (), the mapping ¢ o ¢, ! is analytic as a mapping from an
open set in R™ into R".

Definition B.2 (analytic vector fields, Definition 1 in Chapter 1 of Jurdjevic (1997)). Let M be an analytic manifold. The
totality of (p,v),p € M,v € T, M, is called the tangent bundle of M and is denoted by T'M. A vector field is a mapping
X : M — T M such that for each p € M, if m : TM — M denotes the natural projection, then 7 (X (p)) = p. We say
that X is an analytic vector field if X is an analytic map from M (as an analytic manifold) into 7'M (another analytic
manifold).

Definition B.3 (Invariant manifold). Let M be an immersed submanifold of R™. Let X be an analytic vector field on R,
and let 0(t) denote the solution to the Cauchy problem 8 = X (8),60(0) = 8,. We say that M is an invariant manifold of
X if for every 8y € M, the solution 8(t) remains in M for all ¢ in its maximal interval of existence. We also say M is
invariant under X.

C. Experiments

C.1. Details of Figure 1

We consider the model F'(0)(x) = 2?21 k;(0;) such that:
ki(0;) = 2a;b; + (a? +b? +c)e;,i=1,2
ki(8) = a; tanh(a;) — (¥ — 1)%,i = 3,4.

One can readily verify that this model satisfies Definition 4.1, and ¢;” = ¢; = 1 for all i € [n]. We have the data matrix
1 05 07 0 1
X = <0.5 1 01 0.7) YT (0) '

Experiment details: The parameters are initialized uniformly in the interval [-1075°, 1076°]. The learning rate is 0.1. We
use mpmath library to support calculation of high-precision. In the code, we set mp.mp.dps = 200, which means that we use
200 decimal places of precision for calculations.

Output of Algorithm 1: In the following we calculate the output of Algorithm 1 under the input X, y, tj, .

* p = 0; The initialization is k(©) = s(0) = 0.
*p = 1; We have I = {1,2,3,4}. By calculation, u = X7y = (1,0.5,0.7,0)7. So the time vector § =

(1,2, %, 400). Therefore, the first neuron will be chosen as the feature. So s() = (1,0.5,0.7,0)T. kil) is the

solution of
min [|X. 1k — g3
This leads to kgl) = 0.8. So k™M) = (0.8,0,0,0)7. To summarize, we have
E® =(0.8,0,0,0)7, sV = (1,0.5,0.7,0)7.
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* p=2; We have I, = {2, 3,4}. By calculation, we have
ug, ug, ug = —0.3,0.1, —0.28.
So we have 95
625 637 54 = 5a 3) R
7
Therefore, 3 is the smallest. So the third neuron is chosen. Then s(2) = (1,-0.4,1,—-0.84)T.

Besides, kf) and k§2) are the solution of

min || X. 1k + X.3ks —yl|2 s.t. k> 0.
(o g2 I 1K1 :,3K3 yll2 12

The solution is k1 = 0, k3 = 1.4. So we have k(?) = (0,0,1.4,0)T. To summarize, we have

k® =(0,0,1.4,0)7, s® = (1,-0.4,1,-0.84)T.

* p=3; We have I, = {1,2,4}. By calculation, we have
uy, U2, ug = —0.05,—0.13, —0.098.

So we have
60 80

"13749°

Therefore, d,4 is the smallest. So the fourth neuron is chosen. k:(f) and kf) are the solution of

61752764 =20

min ||X:,3k3 + X;74k'4 - y”g s.t. k‘3 > 0.

(ks kq)ER2
The solution is k3 = 2, ks = —13. So we have k) = (0,0, 22, —10)7. Besides, it is readily to verify that
X k) = y. So the iteration stops.
To summarize, Algorithm 1 ends at p = 3, and we have
10 10
E® = (0,0, —,—52)"
( 7 49)

Comparison of k() to the dashed line in Figure 1:

¢ In the first dashed line, we have (k1, k2, k3, k4)T = (0.800, 8.34¢ — 70, 1.51e — 28, —1.35¢ — 100)T. This value is
close to k(1) = (0.8,0,0,0)T.

* In the second dashed line, we have (k1, ko, k3, k4)T = (—1.01e — 6, —6.23e — 78,1.400, —1.34e — 17)T. This value
is close to k(2 = (0,0,1.4,0)T.

* In the second dashed line, we have (k1, k2, k3, k4)T = (—1.01le — 6, —6.23¢ — 78,1.400, —1.34e — 17)7. This value
is close to k(2 = (0,0,1.4,0)T.

* In the third dashed line, we have (ki, ko, k3, k4)T = (—1.71le — 6, —2.48¢ — 57, 1.429, —0.204)T. This value is close
3) _ 10 _ 10
to k) =(0,0,12, -39
Difference between gradient flow and gradient descent: In gradient flow, as shown in Theorem 6.5, the parameter 6;
is strictly restricted to a simple curve. As a consequence, if k;(6;) wants to change its sign, then 6; must must pass its
initialization. Therefore, if k;(0;) wants to change its sign, |k;| must decrease to its initialization scale.

However, in Figure 1, we see that the value of k7 is 0.800 at the first dashed line, and —1.01e — 6 at the second dashed line.
Between the two dashed lines, the value of |k | does not decrease to its initialization scale 1e — 60. This is different from
the dynamics of gradient flow. We attribute this phenomenon to the fact that Structural Invariant Manifold in Theorem 6.5 is
not invariant under gradient descent (since O, (6;) is not a straight line). The failure of Theorem 6.5 in gradient descent is
also evidenced by Ziyin et al. (2024).
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C.2. Deep Diagonal Linear Network

Figure 2 illustrates the training dynamics of a Deep Diagonal Linear Network (w = a ® b® ¢) optimized via gradient descent.
The experiment utilizes a synthetic dataset with M = 3 samples and N = 8 features. We employ a small initialization scale
(= 10~*) while maintaining a strict layer-wise hierarchy (a > b > c) to facilitate theoretical analysis.

Figures 2a and 2b demonstrate a clear synchronization between the descent of the loss curve and the sequential growth of
neural parameters. The learning process exhibits distinct stage-wise behavior, where the system transitions between saddle
points. We define the end of each stage as the point where the active parameters stabilize and the gradient of the residual
becomes negligible.

Figure 2c presents the theoretical “growth time” for each neuron at the onset of every stage, calculated by our algorithm as
the integrated virtual distance required to escape the saddle point. Notably, these theoretical predictions align perfectly with
the empirical emergence order and relative timing observed in Figure 1.

Figure 3 demonstrates the controllability of feature selection through initialization. While the network naturally prioritizes
features based on data correlation, we show that this order can be manipulated. By selectively amplifying the initialization
magnitude of the Sth neuron by a factor of 5 (while keeping others at the original scale), we successfully induce this neuron
to emerge first, overriding the natural data-driven order. Crucially, our theoretical framework accurately captures this
perturbation, correctly predicting the altered emergence sequence in Figure 3.

Figure 4 investigates the implicit bias under a specific “Zero-Balanced” initialization scheme (a = b, c = 0, with scale
~ 10~%). This setting creates a strict saddle point at initialization. To verify the regularization properties, we computed the
mathematical minimum ¢;-norm solution for the generated dataset. As shown in Figure 3, as the loss approaches zero, the
parameters converge precisely to the /1 solution rather than the sparse ground truth (¢, solution). This confirms that the
¢ = 0 initialization induces a strong inductive bias towards ¢; regularization, effectively driving the network to select the
solution with the minimum norm among infinite possibilities.
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Loss Curve (MSE)
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(c) Theoretical prediction of neuron growth times at each stage

Figure 2. Training dynamics of the Deep Diagonal Linear Network with uniform initialization scale. (a) The training loss curve. The
vertical red dashed lines correspond to the same epochs marked in (b), indicating stage transitions. (b) Evolution of the absolute parameter
magnitudes |w;| = |a;bic;| for the 8 neurons throughout training. (c) Theoretical predictions of the growth time calculated at the
beginning of each stage. The algorithm identifies the neuron with the shortest predicted growth time as the ”winner” for the subsequent
stage.
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Loss Curve (MSE) Actual Parameter Evolution
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(c) Theoretical prediction of neuron growth times at each stage

Figure 3. Training dynamics of the Deep Diagonal Linear Network with biased initialization. The initialization scale of the first neuron
is amplified by a factor of 5, while others remain unchanged. (a) The training loss curve. The vertical red dashed lines correspond to
the same epochs marked in (b). (b) Evolution of the absolute parameter magnitudes |w; | throughout training. Note that the first neuron
emerges earliest due to its larger initialization scale. (c) Theoretical predictions of the growth time. The algorithm correctly identifies the
first neuron as the "winner” of the initial stage, capturing the effect of the initialization bias.
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Figure 4. Verification of implicit ¢, regularization under ”Zero-Balanced” initialization (a = b, ¢ = 0). The left figure is Training loss
curve. The right figure depicts parameter evolution trajectories compared against the theoretical baseline. The red dashed lines represent

the mathematical minimum #; -norm solution for the dataset.
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